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Mass formulas for multicenter BPS 4D black holes are presented. For example, ADM mass for
a two center BPS solution can be related to the intercencenter distance r, the angular momentum
J2, the dyonic charge vectors qi and the value of the scalar moduli at infinity (z∞)by the relation
M2ADM = A
(
1 + αJ2
(
1 + 2MADM
r
+ A
r2
))
where A(Q), α(qi) are symplectic invariant quantities
(Q, the total charge vector) depending on the special geometry prepotential defining the theory.
The formula predicts the existence of a continuos class, for fixed value of the charges, of BH’s
with interdistances r ∈ (0,∞) and MADM ∈ (∞,M∞). Smarr-like expressions incorporating the
intercenter distance are obtained from it:
dM ≡ ΩdJ + Φidqi + Fdr,
in addition to an effective angular velocity Ω and electromagnetic potentials Φi, the equation allows
to define an effective “force”, F , acting between the centers. This effective force is always negative:
at infinity we recover the familiar Newton law F ∼ 1/r2 while at short distances F ∼ f0 + f1/r2.
Similar results can be easily obtained for more general models and number of centers.
1. Introduction. Extended theories of gravity as Su-
pergravity, and in particular supersymmetric extremal
black hole solutions, continues to be central for M-
theory, string theory phenomenology, quantum proper-
ties of black holes, and the AdS/CFT correspondence.
Applications can be found from extensions of the par-
ticle physics SM to supersymmetric black hole solutions
and strongly coupled systems. Black hole physics, in gen-
eral relativity or in extended theories as supergravity, is
of interest in different backgrounds: from astrophysics
to classical general relativity, quantum field theory, par-
ticle physics, string and supergravity. Nowadays black
holes in Supergravity theories are used to answer to con-
densed matter questions in particular in strongly corre-
lated fermionic systems including high T superconduc-
tors [1–7].
It is a rather trivial problem the existence and con-
struction of extremal BH solutions in a wide number
of well known theories. The two-parameters Reissner-
Nordstrom (RN) metric, for example, describes black
holes of (ADM) mass M and charge Q only when the
ratio Q/M is sufficiently small. In the extremal case,
the borderline between naked singularities and black
hole solutions, the mass and and electromagnetic charges
P,Q are related by M2 = P 2 + Q2. This can be con-
sidered a (neccesary and suficient) condition on the
macroscopic parameters for the existence of a extremal
RN BH. Solutions saturating this bound can be con-
sidered as the stable final state of Hawking evapora-
tion [23]. For the Majumdar-Papatreou solution with
H = 1 +
∑
iMi/|x− xi|, the conditions are Mi > 0 with
M2i = q
2
i , MADM =
∑
Mi. For the three parameter
Kerr-Newman extremal case, the mass, charge and angu-
lar momentum of the solution are related by the (quar-
tic in the mass) extremal condition M2 = Q2 + J2/M2.
From this relation we get the limits M2 ' Q2 for J → 0
and M2 ' |J | for J → ∞. In the supergravity dila-
ton model, a 4d low energy limit of string theory, the
presence of the dilaton induces that the transition be-
tween black hole and naked singularities occurs at [10]
M2 = 12Q
2 exp 2φ∞ where φ∞ is the value of the addi-
tional scalar field at spatial infinity. The factor modi-
fying this last formula from the RN relation is related
to the existence of a dilaton scalar charge [10]. For the
RN metric the extremal value corresponds to the case
where gravitational and electromagnetic interactions are
balanced. In any supergravity scenario, nearly unavoid-
ably, the scalars contribute with an extra attractive long
range force. In the Maxwell-Einstein axion-dilaton su-
pergravity [8, 9] extremal one center case one obtains a
quartic expression for the ADM mass in terms of Q,P ,
electric and magnetic charges, and φ∞, the value of the
dilaton at spatial infity (the axion is put to zero in addi-
tion). In the extremal BPS case the relation reduces to
quadratic expression M2 = 12
(
pe−φ∞ + qeφ∞
)2
. Finally,
mass relations are known for one center extremal black
hole solutions: For 4d,N = 2 ungauged SUGRA theo-
ries the following constraint between the BH mass, the
scalar charges, the scalar metric Gab evaluated at spa-
tial infinity and the BH potential is well known [11, 19]
M2 + G∞abΣ
aΣb − Vbh(p, q, φa∞) = 0. The quantities
Σa, φa∞ are defined by the expansion of the scalar fields
at infinity φa(r → ∞) ∼ φa∞ + Σa/r + o(1/r2). In sum-
mary, given a set of parameters M,Q, φa∞, J,Σ
a.. (or a
subset of them) satisfiying simple relations as the previ-
ous ones, we can build explicitly the solutions from them.
By construction such relations connecting ADM masses,
charges and possibly other moduli can be considered lo-
cal neccesary and sufficient conditions for the existence
of one center extremal BH solutions.
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2Multicenter BH solutions are an important ingredient
on, for example, counting the right numbers of degree of
freedom in Entropy BH computations. However it is not
a trivial problem in general the proof of the existence or
not of BPS multicenter solutions of given charges, cen-
ter positions and values of the moduli (scalar fields at
spatial infinity). The most general stationary (time in-
dependent) 4-dimensional metric compatible with super-
symmetry can be written in the IWP form [12–14],
ds2 = e2U (dt+ ω)2 − e−2Udx2. (1)
This is in particular the metric of a 4d BPS solution
of general N = 2 supergravity theories coupled to vec-
tors and scalars. In terms of this metric, some neccesary
and sufficient, non local conditions for the existence of
multicenter extremal solutions are [15]: 1) the fullfill-
ment of certain integrability conditions for the 1-form
ω which imposes restrictions on the allowed center posi-
tions; 2) the metric factor e2U is positive at any space-
time point; 3) the scalar field solutios of the theory, za(x),
must adopt physically consistent values at any spacetime
point. In particular the conditions that the charge vec-
tors at any center, qi, define by themselves a single black
hole solution (in particular positivity of the associated
entropy) are neccesary but not sufficient for the existence
of a multicenter BPS solution corresponding to that set
of vectors.
It would be desiderable to have a fully local set
of neccesary and sufficient BPS existence conditions
in terms of “macroscopical” parameters MADM , qi, φ
a
∞,
physical parameters appearing, or determining, directly
in the field equations and their solutions but this is not
known.
Supersymmetric N = 2 supergravity solutions, in par-
ticular multicenter stationary BPS solutions, can be con-
structed systematically following well established meth-
ods [16–18, 20, 22]1 The 1-form ω and the function e−2U
are related in these theories to the Ka¨hler potential and
connection, K, Q [14]. We demand asymptotic flatness,
e−2U → 1 together with ω → 0 for |x| → ∞. BPS field
equation solutions can be written in terms of real sym-
plectic vectors R and I. For example e−2U = 〈R | I〉.
The 2nv + 2 components of I and R are R3 harmonic
functions. There is an algebraic relation between R and
I, the stabilization equation
R = SI , (2)
where the S matrix is given in terms of the second deriva-
tives of the, assumed quadratic, prepotential defining the
theory2. .
1 We refer to [18, 20] for further details and notation fixing.
2 The matrix S(z) is nothing else the matrix M(F ) appearing in
Similarly, the time independent 3-dimensional 1-form
ω = ωidx
i satisfies the equation dω = 2 〈I | ?3dI〉 to-
gether with the integrability condition 〈I | ∆I〉 = 0. As
a consequence of this condition, the center interdistances
are restricted, (rab = |xa − xb|, for any qb )
〈I∞ | qb〉+
∑
a
〈qa | qb〉
rab
= 0. (3)
The previous equations implies N =
∑
Nb = 0 where
Nb = 〈I∞ | qb〉 are the “ NUT charges”. The solutions
for this set of equations give the possible values of the
center positions. The asymptotic flatness condition im-
plies 〈R∞ | I∞〉 = 〈SI∞ | I∞〉 = 1.
In practice, specific solutions are determined by giving
a particular, suitable, ansatz for the symplectic vector I.
For multicenter BPS solutions we consider [16, 18, 20] a
symplectic real vector I of the form
I = I∞ +
∑
i
qi
x− xi . (4)
Thus N = 2 solutions with nc centers are specified by
nc + 1 symplectic vector I∞, qi quantities.
The nv complex moduli z
a
∞ and with them all other
macroscopic parameters, MADM ,Σ
a and possibly some
or all of rab, are complicated, implicit functions of the
2nv+2 real components of I∞. As we show in this work,
the standard, “non-physical”, 2nv + 2 real components
of I∞ can be exchanged by “contravariant” components
which are directly physical quantities and which obey-
ing the conditions of flat asymptoticity and integrability
conditions above. Let us note that for a fixed configu-
ration of nc centers, or charges, we have nc partial mass
parameters Mi and nc(nc − 1)/2 intercenter parameters
rij . In a model with nv complex scalars, the symplectic
space is of dimension 2nv + 2...
2. General Mass formulas. Any real symplectic
vector X of dim 2nv + 2 can be expanded in a basis
of charge vectors (or lineal combinations of them), and
some additional na (possibly zero) vectors, sa [20]. In
particular we can write, in terms of eigenvectors of S 3,
X = αkP+wk + α
k¯P−wk (5)
Associated to the basis we define the “metric” g with
components gkk¯ ≡ 〈P+wk | P−wk〉. The submatrix
gab¯ ≡ 〈P+sa | P−wb〉 can be choosen diagonal but it is
[20, 21] The bilinear form 〈Sqi | qj〉 is not the usually defined I1
invariant, but coincides with it at the attractors points (infinity
and charge centers). See [20].
3 wi = (qnc, sa), the sa are chosen such that 〈sa | P+qi〉 = 0
for all the qi, sa. Projectors onto the ±i eigenspaces of S are
P± = (1± S)/2. P2± = P±, P±P∓ = 0.
3in general indefinite. The“contravariant” components of
X with respect the metric g, are given by
aj = 〈X | P+wj〉 = gı¯jαı¯, (6)
In addition gi¯g
¯k = δki . Any “scalar” product of the type
〈P+X | P−X〉 is given by
〈P+X | P−X〉 = αiαı¯ = αiα¯gi¯ (7)
The metric matrix gi¯ can be decomposed in real (anti-
symmetric) and imaginary (simmetric) parts as follows:
gi¯ ≡ (A+ iS)/2 = (1/2) 〈qi | qj〉+ (i/2) 〈Sqi | qj〉 .
Let us apply the previous formulas to the vector I∞.
The contravariant components of it are given by well
known physical parameters of the black-hole solution,
aj(I∞) = (Nj − iMj)/2 j = 1, nc and 2nv + 2 − 2nc
additional complex parameters aa whose meaning will
appear clear in what follows.
The asymptotic flatness condition becomes
〈SI∞ | I∞〉 = 1 = −2i 〈P+I∞ | P−I∞〉. Writing
this asymptotic condition in terms of contravari-
ant components and taking into account that ( for
i = (1, nc)), −2Im (αi) = Mi, 2Re (αi) = Ni and
defining MADM =
∑
iMi, mi = Mi/MADM , the
asymptotic flatness condition becomes equivalent to the
mass relation
1 = aM2ADM + bMADM + c+ λaλ
a¯ (8)
with4 a ≡ (1/2)mimjY ij , b = −miNjXij , c =
(1/2)NiNjY
ij . The quantities a, b, c depend on the sym-
plectic products of charges (related to the BH angular
momenta), the moduli at infinity (through the matrix
S appearing in products 〈Sqi | qj〉), the intercenter dis-
tances (appearing in Ni, Eq.(3)) and the relative pa-
rameters mi.
5 Eq.(8) possibly admits solutions with
rij →∞. In such a caseNi → 0 and we have (∆ ≡ λaλa¯).
1 = a(mi)M
2
∞ + ∆. (9)
For fixed charges, the quantity M2∞ depends on the con-
figuration of relative masses mi, it is extremal (in fact a
minimum) for a configuration such that (u ≡ (1, 1, . . . )
mi,min =
Y −1u
utY −1u
' 〈SQ | qi〉〈SQ | Q〉 +O(J
2), (10)
in this case amax(mi,min) = 1/(u
tY −1u).
4 Xij ≡ Re (gi¯),Y ij ≡ Im (gi¯) for i, j = 1, nc.
5 The relation (8) is quadratic in M . The reality and positivity
of M imposes an upper bound on the contribution of the extra
vectors si λaλ
a¯ ≤ 1 + (b2 − 4ac)/4a. Eq.(8) is also quadratic
on the angular momentum components Jij ≡ 〈qi | qj〉 or in its
module J . It can be written as 1 = aM2 + b′J2M + c′J2 + ∆2.
Similarly, reality of J imposes conditions on the coefficients of
the cuadratic expression.
Eq.(8) is complemented by additional consistency
equations from the scalar fields. The values of the scalar
fields at infinity are related to I∞ by the expression
zα∞ = Z
α
∞/Z
0
∞ where (i, j = (1, nc)) [20]
Z∞ = P−I∞ = 1
2
(Nj − iMj) gjı¯P−qi + λaP−sa.(11)
This is an implicit equation including the quantities z∞
at both sides of the equation (as P− = P−(zα∞)). Equa-
tion (11) allows, if needed, to express the “unphysical”
quantities λa in terms of the scalar fields at infinity,
masses, charges and intercenter distances. In the case
that the λa does not appear, the equations (11) (one
complex equation for each of the scalar fields) imposes
additional constraints.
In the case the number of centers is large enough, one
can select a subset of charge vectors to form a basis where
to expand I∞. This procedure can be repeated for dif-
ferent subsets generating different equations similar to
Eq.(8) which should be simultaneously satisfied.
3. Two center mass relations. For the sake
of concreteness, let us consider now a particular, non-
trivial case: a model with one scalar (n¯ = 2) and two
centers (with charge vectors q1,2). The dimensional-
ity of the sympletic space is 2n¯ = 4, and the degrees
of freedom dof = 2. The hermitian matrix (2igi¯) is
of signature (1, 1), therefore with negative determinant:
det(2igi¯) = det(S)−J2 < 0. A,S are the real,imaginary
parts of gi¯, in particular Sij = 〈Sqi | qj〉. We have intro-
duced the (signed) module, J , of the angular momentum
6. The ω−form compatibility equations or absence of
NUT charge condition for this case read:
−N2 = N1 = 〈q1 | q2〉
r
≡ J
r
. (13)
We define in addition Q = q1 + q2, A = 〈SQ | Q〉 and
M20 = 1/S
−1
ij mimj . The equation Eq.(8) becomes for
this two center case
M2 = M20
(
1 +
J2
−det(S)
(
1 +
2M
r
+
A
r2
))
. (14)
The solution to this quadratic equation for M has a real
and positive solution, assuming A > 0, only if det(S) < 0.
In this case there exists a, unique, solution for any inter-
center distance r and J2. The quotient J2/(−det(S)) is
always positive that implies that M2 > 0 if M20 > 0. The
quantities det(S), A,M20 depends on the charges and the
6 We define ~J as
~J = 〈q1 | q2〉 x1 − x2|x1 − x2|
(12)
4moduli at infinity, in addition M20 depends on the rela-
tive masses of the centers. In the limit of large intercenter
distance, r →∞, the equation (14) becomes
M2∞ = M
2
0
(
1 +
J2
|det(S)|
)
(15)
where M∞, if real, is the total mass that would have
such configuration of charges with an infinity intercenter
distance. At large distances M ∼ M∞ + J2/(|det(S)|r)
while at short distances the ADM mass behaviour is of
the type M ∼ A/r +Br.
Smarr like relations. Let us use the mass differential
dM to define different quantities a` la Smarr
dM ≡ ΩdJ + Φidqi + Fdr,
in addition to an effective angular velocity Ω and elec-
tromagnetic potentials Φi, the equation allows to define
an effective “force”, F , acting between the centers. This
force is always negative due to the sign of det(S) enforced
by Eq.(14). At infinity dM/dr ∼ −J2M20 /(|det(S)|r2)→
0 while at short distances dM/dr ∼ f0 + f1/r2.
The positivity of 1/M20 = (S
−1)ijmimj implies restric-
tions on the allowed values of the relative parameters mi.
The allowed mi are in an interval mi,min±
√|det(S)|/A.
The relative masses that minimizes M2∞ for fixed J and
S are given in this case exactly by the expression
mi,min =
〈Sqi | Q〉
〈SQ | Q〉 , (16)
and the value of the total mass at minimum is given by
(M20 )min = A. (17)
For this mass configuration we finally get (α =
1/|det(S)|)
M2 = A
(
1 + αJ2
(
1 +
2M
r
+
A
r2
))
. (18)
Then (M∞2)min = Adet(2igS−1). At large dis-
tances M ∼ M∞,min + J2A/(|det(S)|r) and dM/dr ∼
−J2A/(|det(S)|r2)→ 0.
As in the general case, these mass relations have to be
complemented by the implicit equations for the moduli
at infinity.
In conclusion we have derived new mass formulas for
multicenter BPS 4D black holes. They are obtained in
the context of N = 2, d = 4 supergravity coupled to any
number of vectors and with any number of BH centers.
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5SUPPLEMENTARY MATERIAL
A particular example.
Extremal mass relations (14) or (18) are valid for two center BHs in any N2 SUGRA. In Fig.(1) we present some
explicit results for a toy model with a complex scalar field n = 2 theory with prepotential F = −iX0X1 (see further
details in [18, 20]). For this quadratic prepotential the matrix S is scalar independent. The only scalar of the theory
is χ + ie−φ ≡ −iz. The Kahler potential and scalar metric are K = − log Re (z) ,Gzz¯ = (2Re (z))−2. Let us first
take a configuration with the charge sympletic vectors q1 = (1, 8, 0,−1)q0 and q2 = (1, 8,−4, 1)q0. In this case
A > 0,−det(S) > 0. The minimal ADM mass configuration corresponds to relative masses mi = Mi/MADM =
(9/16, 7/16). The limiting mass is M2∞ = 〈SQ | Q〉
(
1− J2/ det(S)) = 8√26/17q0. The initial free parameters for
this fixed configuration of charges are M1,M2, r, z∞ which have to satisfy three real equations (the mass relation,
(14) and a complex scalar equation of the type (11)). If in addition we choose a minimal ADM mass configuration it
remains only one free parameter (see figure). Let us take a second exemplary configuration with q1 = (1, 8, 0,−1)q0
and q2 = (1, 8,−8, 0)q0. In this case A = 80q20 , −det(S) = 320q40 , J2 = 0. Now the intercenter distance is unrestricted
while the scalar at infinity is fixed (z∞ = 8).
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FIG. 1: (A)(top). Dependence of MADM , dM/dr,Re (() z∞) with respect to the intercenter distance r for two configurations,
the minimal mass configuration and another mi = (9/19, 10/19). (B)(bottom) MADM , dM/dr and r dependence with respect
to the real part of the scalar field at infinity, the dilaton, Re (z∞).
